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Proor
Do the proof of the following lemma and theorem :

Lemma.
Let X, T, F and 8 satisfy H 2. Then, for any o € X and any Ty =
(:I;U!xlp"' y Ly v ) € H(IU)

u(zo) = F(z0, 71) + Bu(z)

where T = (Ty, - , Ty, -+ ).

Theorem. Let X, I', IV and § satisfy H 1 and H 2, then the function v*
satisfies the functional equation

v*'(x) = sup { F(z,y) + Bv*(y)}, Ve e X

yel(z)
PROBLEM

Take 0 < 8 <1 and consider the following sequence problem :

max Zﬁtv Ty — Ty,
{wer1}i2o {5

(SP)
such that 0 < Ti41 S Ty,
given xg > 0.

1. Connection between the sequence problem and the functional
equation.
For any feasible plan zq = (zg, x1,.,2,.) € (x), the cost along the
plan is

u(zo) = Zﬁt\/ Ty — Tiy1-
t=0
The value function of the problem (SP) is

v*(20) = m_fé’r?‘(’iu)”(m—o)'

(a) Show that the value function v* of the problem (SP) satisfies the
functional equation :

(FE) v(z) = sup { Vo —y+ Bu(y) } Vo e R,

O<y<z
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(b) Show that an optimal plan zo* = (x5, 23, ., =}, .) € II(x}) satisfies
0*(37) = V= e+ 80" (afhn).
(c) Show that the value function v* satisfies :
Vg >0 VZo < v*(zo).

(Hint : built a plan @y € II(zq) such that u(zp) = \/Zo)
(d) Show that, for 0 < 3 < 1, the value function v* satisfies :

Ve 20 A <) € 2%

2. Solution of the functional equation
We look for a solution of the functional equation in the following Banach
space :

H(RY) = {f : RT — R, continuous, homogeneous of degree } and s. t.,

IM Vz € RY |f(z)] < M(Vz)},

xr
endowed with the norme | f]| = sup M =
Y

Let us define the operator 7" on H(R*) by
T/(@) = swp {VE=g+B/W)} VeeR'

0<y<z

(a) Show that if f € H(R") then Tf € H(R).
(b) Show that T satisfies
a. (monotonicity) f, g € H(R") and f < g implies T(f) <

T(g).
b. (discounting) for all f € H(R*), a > 0.

T(f +a(y) S T(f) + Bay/

Then deduce that, for 0 < 8 < 1, T is a contraction with modulus

B.

3. Application
We suppose here that 0 < 8 < 1.

(a) Show that the functional equation (FE) has a unique solution.
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(b) Show that this solution is concave.
(c) Show that the optimal policy is a function.

(d) Show that the functional equation has a solution of the type for
all z > 0, f(z) = k+/z with the constant k € R*.

(e) Explain why this solution of the functional equation is the value
function and find the optimal policy function.

4. Case =1

(a) Lets take for all = € R*, vg(x) = y/z. Define the sequence v, =
Tv,. Show that for all x € R*, v,(z) = \/nz. Deduce from 1.(c)
the value function.
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