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Exercise 1

Consider
RExR®P — R
b 1 W
Ty | fy2 | = 2ot waye o+ 2xays - Taye - Tagh + Ty o+ 2an
T3 Ys
1. Prove that b is scalar product in R*.
2. Determine the matricial representation of b in the canonical basis.
3. Give an orthonormal basis B of R? for the scalar product b.
4. Determine the matricial representation of b in the basis B.
5. What is the associated duality operator?
6. Detrmine a basis of the orthogonal to F := {(z,y,2) e R? : y = z}.
7. Determine the orthogonal projection on F.
8. What is the distance of (1,1,1254) to F.
9. What is the distance of (1,0,1) to .
10. What is the distance of (1,0,1) to the orthogonal of F'.
11. Consider

(R?)? x (R%)? — R
m: [z
(:c;) ) (ijz) = 2b(x, 3n) + b2, v2) + 20(23, ys) — 0(21, 42) — b(@2, y1) + b2, ys) + b(za, 1)
(a) Prove that m defines a scalar product in R* x R?.

(b) What is the associated duality operator.

Exercise 2

Let K be a closed subset of X and f a lower semi-continuous function defined a the subspace K.

Consider
fo: X = (0,00)
e e fe) + xr(x)
where
X = (0,00)
XKoo 0 ifze K
+oc  otherwise

Prove that fr is lower semi-continuous.



Exercise 3

Lel (fi)ies be a family of convex function and (a;);e; be reals numbers.

Prove that
{ze X filz) <ayi€l}

is convex.

Exercise 4

Let { be a scalar product in R™ and N the associated norm. Let p € X*. Consider
1
VzeX, [fz)=3N(@)+(p2)

and the minimisation problein
inf f(z).

zeX

1. Prove that if Z € X is a solution to (1) then
Vye X, (p+Lzy =0.

Mint: consider elements of the form v =z + 0.

2. Prove that a necessary and sufficient condition for @ € X to be a solution to (1) is that
Lz+p=0.

3. Prove that if p ¢ ImL then
inf f(z)=—-o0.
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