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Année 2016/2017 UNIVERSITE TOULOUSE I CAPITOLE

Advanced Analysis
Terminal Exam - December 2016 Advanced Analysis

Exercice 1. [10 Points]

We consider

gl — (un)n.ZI | Z h"qzl < +o0

nzl1

llulh == Z [tn].

n>1

and define the £! norm

1. Show briefly that ¢! is a normed vector space.
2. Show that (£',].]l1) is a Banach space.

3. We consider f: ! — £ the [unction defined by

VUEE’I f(u):(1uZ|“n|)u01'"111'?1:"')'

n>1

Prove that f is a continuous function.
4. Compute ||f(u)||; when u € Bn(0,1) = {v £ st lonl £ 1}. Deduce that f(Bn(0,1)) € Bn(0,1).

. Is it true that f(Bpn(0,1)) = Ba(0,1).

[Wa}

6. Show that Byi(0,1) is closed and convex.
7. Can we apply the Brouwer theorem? Why?
8

. Show that f does not have any fixed point.

Exercice 2. [8 Points]
We consider & and v two continuous applications from [—1, 1] into the domain
R={(z,y)|a<z<bc<y<d}.
We assume that:
e the x-coordinate of h{—1) is equal to @ while the az-coordinate of 4(1) is equal to b.
o the y-coordinate of v(—1) is equal to ¢ while the y-coordinate of v(1) is equal to d.
In what follows, we will denote h = (hy, ha) and v = (v, v9).
1. Represent the situation with a nice picture.

2. We aim to show that the two curves defined by 2 and v have an intersection. Translate this assumption
into an analytical criterion.

3. We consider the application F: [a,b] x [c,d] — R? defined by

vi(s) — hi(t) ha(t) — va(s)
N(t,s) ' N(ts)

Y(t,s) € [a,b] % [c,d] F(t,s) = (

with N(t,s) = |v1(s) — ha(£)] V |ha(t) — va(s)|. We assume that the two curves have no intersection. Show
that in that case, F' is a continuous function over [—1,1]2.



4. Show that I has a fixed point (g, sg).
5. Show that the fixed point is located on the boundary of .

6. Obtain a contradiction and conclude that the two curves have an intersection.

Exercice 3. [6 Points]

We consider E an euclidean space such that dim(F) < +oo and an application P : E — E such that a

radius p > 0 exists such that
Yo € B(0,p) (P(z),z) > 0.

Above, dB(0, p) refers to the sphere of radius p.
1. Draw an illustration in 2-D.

2. We assume that P does not vanish on B(0, p) and define g as

Yo € B(0,p) g(x) = —mp(m)

Prove that g is continuous.
3. Prove that g has a fixed point.

4. Obtain a contradiction and conclude that P vanishes. Explain on your picture.





